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CHAPTER 3
THE EXPONENTIAL INTEGRAL FUNCTION

Sooner or later (in particular in the next chapter) in the study of stellar atmospheres, we have
need of the exponential integral function. This brief chapter contains nothing about stellar
atmospheres or even astronomy, but it describes just as much as we need to know about the
exponential integral function. It is not intended as a thorough exposition of everything that could
be written about the function.

The exponential integral function of order n, written as a function of a variable a, is defined as
E, (a)=jx_"e_“xdx. 3.1
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I shall restrict myself to cases where # is a non-negative integer and a is a non-negative real
variable. For stellar atmosphere theory in the next chapter we shall have need of n up to and
including 3.

Let us start by seeing what the values of the functions are when a = 0. We have
E,(0)= j x"dx 3.2
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and this is infinite for » =0 and forn = 1. For larger nitis 1/(n — 1).
Thus E,(0)=w, E (0)=cw, E,(0)=1, E,(0)=1, E,(0)=1,ectc.

Thereafter the functions (of whatever order) decrease monotonically as a increases, approaching
zero asymptotically for large a.

The function E (a) is easy to evaluate. It is

—a

Ey(a) = [e ™ dv="—. 3.3
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a

The evaluation of the exponential integral function for n > 0 is less easy but it can be done by
numerical (e.g. Simpson) integration. The upper limit of the integral in equation 3.1 is infinite,
but this difficulty can be overcome by means of the substitution y = 1/x, from which the equation
becomes

1
E, (0) = j V"2V dy, 3.4
0
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Since both limits are finite, this can now in principle integrated numerically in a straightforward
way, for example by Simpson's rule or similar algorithm, except that, at the lower limit, a/y is
infinite and it is necessary first to determine the limit of the integrand as y — 0, which is zero.

There is, however, a way of evaluating the exponential integral function for n» > 2 without the
necessity of numerical integration. Consider, for example,

E, . (a):jx_("”)e_“xdx. 3.5
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If this is integrated (very carefully!) by parts, we arrive at
Ir .
E, (a) =—|e—aE,(a)] 3.6
n

Thus from this recurrence relation, once we have evaluated E,(a), we can evaluate E,(a) and
hence E;(a) and so on.

The recurrence relation 3.6, however, holds only for n>1 (as will become apparent during the
careful partial integration), so there is no getting around the numerical integration for n = 1.
Furthermore, for small values of a the functions for » = 0 or 1 become very large, becoming
infinite as a — 0, which makes them very sensitive when trying to compute the next function up.
Thus for small a or for constructing a table it may in the end be less trouble to take the bull by
the horns and integrate them all numerically.

It will afford good programming practice to prepare a table of £, (a) for a = 0 to 2, in steps of
0.01, forn =0, 1, 2, 3. The table should ideally have five columns, the first being the 201 values
of a, and the remaining four being £ (a), n =1 to 4. A graph of these functions is shown in
figure II1.1.

In practice, in performing the calculations for figure III.1, this is what I found. The function for
n =0 was easy; it is given simply by equation 3.3. For n = 1, I integrated by Simpson's rule; 100
intervals in y was adequate to compute the function to nine decimal places. The function for n =
2 was unexpectedly difficult. The recurrence relation 3.6 was not useful at small a, as discussed
above. I therefore attempted to integrate it using Simpson's rule, yet, although the function is, on
the face of it, very simple:

1
E,(a) = Ie’”/}’dy, 3.7
0

Simpson's rule seemed inadequate to compute the function precisely even with as many as 1000
intervals in y. Neither the recurrence relation nor numerical integration was without problems! I
had no difficulty, however, with integrating the function with »n = 3, and so I then used the
recurrence relation backwards to calculate the function for n = 2 and all was well.



FIGURE III.1
The exponential integral function



